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SUMMARY 
In research projects involving movement of clouds or objects 
through the upper atmosphere,, position and velocity are often deter­
mined from a study of simultaneous photographs taken from two or more 
observing stations by either still or motion picture cameras. 
The triangulation photographs have been made either at night or 
at twilight and hence contain a background of stars. This star back­
ground is utilized to develop a method for increasing the accuracy of 
the camera orientation and cloud position determinations by eliminating 
or correcting inherent errors in the camera system. This procedure will 
take into consideration the errors produced by: (l) film shrinkage., (2) 
light refraction in the glass plate on which the fiducial grid is ruled,, 
and (j) misalignment (tilt) of the camera with respect to the local 
horizontal. In addition,, a method also employing the star background 
is developed whereby an accurate camera focal length may be determined. 
Correction for the effects of atmospheric refraction on the appa­
rent position of stars and objects in space is available chiefly in the 
form of standard correction tables. Techniques and empirical formulae 
are developed so that correction for these effects may be accomplished 
analytically and thus can be programmed for a computer. 
All of the correction methods mentioned are designed for use in 
analytic data processing with a digital computer. The methods are appli­
cable for film measurements which require film reading accuracy to the 
order of a thousandth of a centimeter. By utilising these correction 
vii 
procedures the triangulation determination of the position of a body in 
space can be obtained to an accuracy of O.J milliradians angular error. 
1 
CHAPTER I 
INTRODUCTION 
General Introduction 
The general problem considered in this research is that of deter­
mining the position (and time rate of change of position) of artificial 
clouds injected into the upper atmosphere at approximately 1 0 0 km alti­
tude o To accomplish this, several observing stations were set up appro­
ximately 100-200 km apart and jhotographic data were taken. From these 
data the cloud, position at any time was determined by triangulation 
techniques. The clouds were injected at times when the background sky 
was sufficiently dark that the stars in the field of view were photo-
graphable with exposure times on the order of a few seconds. This star 
'background was used to determine the orientation in space of each of the 
several cameras involved in a triangulation study. 
The purpose of this work was to develop a system of correction 
procedures designed to increase the accuracy with which camera orienta­
tion and object position in space may be determined. These procedures 
are especially suited for use with the K-24- camera system, but are 
easily adaptable to similar cameras. 
The K-24 Camera and its Film Coordinate System 
The K-24 is a camera equipped with a multielement, 7 inch focal 
length, f/2.5 lens. It has a quarter-inch glass plate near the focal 
plane on which a fiducial grid of fine lines has been accurately ruled 
c 
I.27O cm apart. Daring exposure,, the film, is pressed against the rear 
surface of the fiducial plate., and a brief illumination records the grid 
lines on the film. 
This grid system recorded on the film forms a natural x~y co­
ordinate system in which measurements of the location of images on the 
film may be made. The center grid cross, near the intersection of the 
optical axis and the plane of the film, is taken as the origin of this 
system. Positive x and y are in the general directions of increasing 
azimuth and elevation,, respectively. The origin of this system is refer-
red to as the "center of frame." 
Terrestrial and Celestial Coordinate Systems 
From each of the observing stations the orientation of the cameras 
is determined in the azimuth-elevation, or az~el, coordinate system. 
Azimuth is measured east from north, and elevation is measured from the 
plane perpendicular to the earth radius passing through the site. 
The location of stars is known in the celestial coordinate system, 
illustrated schematically in Figure 1. The right ascension, a, is 
measured eastward from 7, the vernal equinox (also called the first point 
of Aries). The declination, 5, is measured from the celestial equator. 
The azimuth and elevation of a star from a given observation sta­
tion are completely determined by knowing the right ascension and decli­
nation of the star, the time, and the latitude and longitude of the 
observing station. With these quantities known, the azimuth and eleva­
tion of a star can be found by a transformation of coordinates. The 
techniques of these coordinate trans format ions have been outlined in a 
paper by Albritton and others (1 9 6 2 ) . In the following work it will be 
3 
assumed that all of this information is known and that the necessary star 
azimuths and elevations have been determined. 
Figure 1 . Coordinates on the Celestial Sphere 
CHAPTER II 
CAMERA FOCAL LENGTH DETERMINATION FROM THE STARS 
In order to utilize measurements of image position on the film, 
the focal length of the camera lens must be accurately known. The focal 
length of a camera lens may be determined from two star images appearing 
on the film. A typical pair of images, A and B, is shown in Figure 2. 
They are located at radial distances R^ and R^ from the center of frame, 
0, and are separated from each other by a distance A R. Angle AOB is 
called Q. 
X 
Figure 2. Typical Star Image Pair for 
Determining Focal Length 
Figure 3 shows the same pair of stars (now labeled A 1 and B 1) as 
they appear on the az-el sphere, which is an imaginary sphere, centered 
at the observing site, and considered to have an infinite radius similar 
to the celestial sphere. They form a spherical triangle A f B f Z with the 
5 
zenith, which is the point at which an earth radius through the observ­
ing site intersects with the az-el sphere. Sides c and c. of this 
^ a b 
spherical triangle are the complements of the elevations of A 1 and B 1, 
respectively. The difference in the azimuths of the two stars is angle 
A A. The sides of the spherical triangle formed by the two stars and 
the projection of the center of frame onto the az-el sphere are q, a, 
and b, as shown. Angle A'O'B1 is called Q 1. 
Figure 3 . Star Pair Used to Determine Focal Length 
as They Appear on the Az-el Sphere 
From the spherical triangle A'B'Z: 
cos(q) = cos(ca)cos(c^) + sin(ca)sin(c^)cos(A A) (l) 
Since all quantities on the right of (l) are known, cos(q) is known. 
The angles a and b are given by 
a = ARCTAN(Ra/F) and B = A R C T A N ^ / F ) , (2) 
where F is the focal length of the lens (yet to be determined). 
Since the center of frame may be considered to be on the optical 
axis, and since Q 1 is measured in a plane perpendicular to this axis 
Q 1 = Q 
Employing the law of cosines on the plane triangle AOB provides 
a relation for cos(Q) 
2 P / N 2 
R + RT - (A R) 
a b 
thus determining cos(Q) in terms of known quantities. 
Applying the "law of cosines" for spherical trigonometry to the 
spherical triangle A'C^B 1: 
eos(q) = cos (a )cos (b ) + sin(a)sin(b)cos(Q) (k) 
!Ehe terms cos(q) and cos(Q) are known from equations (l) and 
( 3 ) . Substituting e.nations (2) into (K) 
cos(q) = cos [ARCTAN(Ra/F)] cos[ARCTA.N(R^/F) ] 
-5- sin[ARCTAN(Ra/F)] sin[ARCTAN(Rb/F) ] COS(Q) (5) 
Considering the triangles shown in Figure h} it is evident that 
substitutions may be made for the sines and cosines involving F in the 
right side of (5). 
Making these substitutions yields 
cos(q) .... - F • F , + —it
 0 1 ^° p 1 cos(Q) 
(Rf + F ^ ) 2 (RJ; + F ) 2 (R^ + F - ) 2 (H£ + F 2 ) 2 
Figure 4 . Right Triangles Having the Angles 
ARCTAN(Ra/F) and ARCTAN(Rb/F) 
F is now the only unknown and it may therefore be solved for in 
the following manner: 
cos(q)[(R2 + F 2 ) ^ + F 2 ) ] 2 = F 2 + R R ^ cos(Q). (6) 
Squaring both sides of (6), one obtains 
cos 2(q)(R 2 + F 2)(R^ + F 2) = F^ + 2F 2R £R bcos(Q) 
+ R 2R^ cos 2(Q), 
which becomes, after a combination of terms, 
F2f[cos2(q) - l] + F ^ ( R f + R^)cos2(q) - 2R£Rbcos(Q)] 
+ [cos2(q) - cos 2(Q)]R 2R^ = 0 . 
8 
Now let 
U = cos 2(q) - 1 , (?) 
V = T(R 2 + R 2) cos 2(q) - 2R R c o s ( Q ) ] , 
a D St. D 
W = [cos2(q) - cos2(Q)]R2R^- , 
then 
UF 1 + VF 2 -f- W = 0 , 
o 
which, when solved for F' by the quadratic formula, yields 
2 _ - y + (V 2 - V o w ) 2 
i? 2U 3 
so that F is given by 
_
 r v - ( v 2 - 4UW)M 
~
 1
 2U 1 (8) 
Equation (8) gives two values for F„ la practice both positive 
and negative roots may be considered and the value of F with the mini­
mum deviation from the nominal focal length taken as the correct value. 
9 
CHAPTER III 
CORRECTIONS FOR THE K-2h OR SIMILAR CAMERA SYSTEM 
Film Shrinkage 
The film was found to shrink during the time between its exposure 
and analysis; consequently-, this shrinkage must be taken into considera­
tion when measurements taken from the film are used in calculations. 
Analytic correction is precluded because the shrinkage is not consistent 
between successive exposures on the same roll of film, nor does the 
shrinkage occur in any regular fashion over each individual exposure. 
The fiducial grid superimposed on each exposure, besides its 
primary purpose of providing a film coordinate system, serves the second­
ary purpose of permitting the film shrinkage to be calculated and cor­
rected for. 
Image displacement is assessed by counting 1.270 cm increments, 
the nominal distance between grid lines, then measuring distances to the 
nearest fiducial lines in both x and y directions. If the procedure is 
carried no further, the effects of shrinkage will be confined to one 
fiducial square. Further reduction of the effects of film shrinkage may 
be obtained by measuring the dimensions of the fiducial square in which 
the image is located and using a linear interpolation process to correct 
for the image location within the fiducial square. 
To check the accuracy of the spacing of the ruled lines on the 
plates several measurements of their separation were made. The mean 
distance between fiducial lines was found to be 1.2697 ™ 0.0004 (rms) cm. 
1 0 
Several measurements of the film shrinkage between consecutive 
fiducial lines showed a mean shrinkage of 0 O 0 0 3 cm, with a maximum of 
about 0.006 cm and a minimum of zero. For the K - 2 4 camera system 0.001 
cm amounts to 0.055 milliradian, which corresponds to 8 meters at 1 5 0 km 
range. 
Light Refraction in the Fiducial Plate 
Although the glass fiducial plate allows for the elimination of 
errors caused by film shrinkage, it introduces another error into the 
measurements taken from the film: light refraction in the glass plate. 
Unlike film shrinkage, this error can be evaluated analytically. 
Figure 5 shows a light ray entering the camera with an angle of 
incidence (3 measured from the optical axis. If the plate were not pre­
sent the ray would strike the film (which Is pressed against the back of 
the plate) at a distance p from the optical axis. Since the light ray 
is refracted in the plate, it actually strikes the film at a distance r 
from the optical axis. The angle of refraction is X , shown in the 
expanded view in Figure 6, and. $ = (3 - X
 0 The focal length, F, is the 
distance from the nodal point of the lens to the rear of the fiducial 
plate, t is the thickness of the glass plate, and n Is the index of re­
fraction in the glass plate. 
By Snell's Law 
n sin(X) = sizi(p) ( 9 ) 
Figure 5. The Path of a Figure 6. Expanded View of 
Light Ray Through the the Path of the Light Ray 
Camera Through the Fiducial Plate 
From inspection of Figure 5 
(p 2 + F 2 ) 2 
tan(p) = p/F 
Substituting ( 9 ) into ( 1 0 ) yields 
P 
n(p 2 + F 2 ) 2 
2 -
Using the identity cos(X) = (l - sin \ ) 2 
1 2 
cos(X) - t n V + P 2 ]" ( 1 3 ) 
n(p + F ' ) 2 
Dividing ( 1 2 ) by ( 1 3 ) gives 
[n 2(p 2 + F 2) - p 2 ] 2 
But from Inspection of Figure 5 
Therefore from ( 1 5 ) 
Substituting (l^) into (l6) 
2 n 2 - 1 
Letting J =
 g ^ 
n F^ ^ 
(1*0 
r = p + t[tan(x) - p/F] (l6) 
t / F 
r - p + •=£ ( -p -p-x - 1 ) (17) 
V
 [n 2(p 2 + F") - p 2 ] 2 
13 
Expanding the radical in (18) in a power series 
t p / , 1/.
 T2 2 3T4 k 5 T6 6 V \ / I R . V 
r = P + Y ( - l i - ( l - J P + f P - J P + . . . ) J (19) 
Equation (19) is a series expansion of r in terms of P . By the 
method of reversion of series (cf, CRC Standard Mathematical Tables) 5 P 
may be found as a series expansion in terms of r, Let 
\ = 1 - I (1 ~ Vn) (20) 
A 5 " " 2 Jh d 
3t
 T4 
5 - 5t T6 
l7 " " I D R I J 
then 
p = A^r + A^r^ + + A^r^ + . 0 . (21) 
where the first few A coefficients are given by 
A x = l/a 1 A3 = - (22) 
a l 
A^ = (3a 5 - axa )/ a.J 
14 
a - 1 2 a : ? ) / a. 10 
The actual quantity of interest is not p , however, but the change 
in position, C, of the image, which is p - r. Therefore from (2l) 
The A coefficients are determined by equations (22) and (23) and 
depend only on n, t, and F. The index of refraction and thickness for 
each glass plate may be measured and used separately. However, measure­
ments of n for several plates yielded a value of 1 .524- indicating that 
this may be used as the value for all plates. The thickness of the plates 
was found to vary by about 1 0 per cent from plate to plate, so that sep­
arate plate thickness values are used. If the accurate focal length has 
been determined by the method previously described, it may be used in 
the formulas for determining the A coefficients. However, since these 
formulas do not vary rapidly with F, if the focal length is known to 
within about - 2 mm (for the K-24, 7 inch lens) the A coefficients deter­
mined from such a value will still be quite adequate. For example, if 
r = 6 cm, C would be altered about one per cent for a 2 mm change in the 
focal length value used in the calculation. 
If a value of displacement of an Image from the center of frame 
is to be corrected for plate refraction, the relation is 
C = (A, - l)r + A + A rr- + A^r' + 1 J J (23) 
1 5 
where p is the corrected radial distance of the image from the center 
of frame, r is the observed radial distance and C is given by ( 2 3 ) . 
Figure 7 illustrates an image and its corrected location on the film. 
Figure 7» Actual and Corrected Location of 
an Image on the Film 
To find the corrected values of x and y (x and y ) the relations 
x
r / x = p/ r ^ y r/y = p/ r 
are used. Therefore 
x = x(p/r) = x ( r * °) 
or x r = x(l + c/r) (24) 
and similarly 
y r = y(l + C/r) (25) 
If (23) is substituted into (24) and (25) 
1 6 
x, = x(A- + A r 2 + A rk A^r^ + ...) ( 2 6 ) 
Equations ( 2 6 ) are not exactly correct if the center of frame 
does not coincide with the intersection of the optical axis and the 
plane of the film. If the displacement of the center of frame from the 
optical axis is known, a new film coordinate system may be set up with 
the origin on the optical axis, and the values of x and y converted into 
the new system by translation. Equations ( 2 6 ) would then be correct 
with the values of x and y so altered. However, if the displacement of 
the center of frame from the optical axis is of the order of 2 mm, as 
indicated in the K-2h instruction manual (Vitro, 1 9 5 ^ - ) , the error caused 
by neglecting this coordinate translation is on the order of 0 . 0 0 2 cm 
for the K - 2 4 system. This assumes that the only error Introduced by 
neglecting the translation is the error in evaluating the refraction C. 
That is, for a deviation, 5, of the center of frame from the optical 
axis C(.r + 5) - C(r) is about 0 . 0 0 2 cm for 5 = 2mm. 
Although no direct measurements of the deviation of the center 
of frame from the optical axis have been made, tests have been made 
which show that no observable systematic radial error is still present 
after the plate refraction corrections have been applied but without 
correcting for displacement of the center of frame from the optical a,xis. 
The negative results of these tests also show that the radial distortion 
of the lens is too small to be taken into consideration. 
1 7 
Equations (26) may also "be reduced in terms to give any desired 
degree of accuracy. In fact, if the terms in r and higher powers of r 
axe neglected, giving the simple formulas 
x x(A 1 + A^r ) 
y(A x A^r ) 
( 2 7 ) 
the corrected coordinates obtained from these formulas will be accurate 
to about 0. 0 0 1 cm at r = 9 cm. 
Camera Tilt 
Referring to Figure it is apparent that a line 0*Z, connecting 
the zenith with the projection of the center of frame onto the az-el 
sphere, should correspond to the positive y axis when projected onto the 
film. However, due to several causes for which it is either impossible 
or impractical to compensate, this projection of 0 fZ may not correspond 
to the y axis on the film. In such a case a new x*-yr film coordinate 
system, shown in Figure 8 , could be formed by a rotation of the x-y co­
ordinates through an angle 0 , so that the projection of O'Z would cor­
respond to the y 1 axis. 
It is advantageous to know the angle 0 , called the camera tilt 
angle, so that the calculations of line of sight to the cloud or object 
being photographed may be carried out in the x'-y1 coordinates. Note, 
however, that the camera tilt angle does not affect calculations which 
depend only on the radial distance from the center of frame, such as the 
1 8 
fiducial plate refraction corrections and the focal length calculations. 
* y 
X 
\ 
\ 
\ 
\ 
\ 
\ 
1 — * 
Figure 8 . The x ^ y 1 Axes and the Camera Tilt Angle 
The camera tilt angle may he calculated hy considering a pair of 
stars, A and B shown in Figure 9> as their images appear on the film. 
The images of A and B are located at radial distances R^ and R^ from the 
center of frame, 0; they are separated hy a distance A R. Point M is 
the intersection of A R and the y 1 axis. The angle between AM and the y 1 
axis is j] , and the angle between BM and the y 1 axis is T\ . 
a u 
If the coordinates in the x-y system of stars A and B are 
x , y and x, , y, then the x f-y f coordinates of A and B are x 1, y 1 
a 7 a D b J a a 
and x^, y^ given by 
x' = x cos (e) + y sin (e) 
a a v a ' 
x£ = x b cos (e ) + y^ sin (e) 
K = y Q
 c o s ( s ) " x sin (e) a, d a 
y b = y b c o s ( e ) ~ ^ s i n ( ^ ) 
r 
Y 
x ^ 
B * 
0 
A 
Figure 9 . Star Pair Used to Calculate Camera 
Tilt Angle, As They Appear on the Film 
Letting A x 1 = x* - x* and A y * = y* - y* one has 
A x 1 = A x cos(e) + A y sin(e) 
A y ' = A y cos(e) - A x sin(e) 
where A x = x - x, and Ay = y - y . 
a u a u 
The slope, y', of the line joining A and B on the film is 
Ay 1/ Ax' in the x'-y* coordinates. Therefore, using the values of 
Ax' and Ay* in (28), one obtains 
t _ Ay cos(e) - Ax sinfe) 
y x " Ax cos(e) 4 Ay sin(e) 3 
which, when solved for 0, yields 
2 0 
y' [Ax cos (e ) + Ay sin (e) ] = Ay cos (e) - Ax sin(e) 
sin (e) [Ax + Ay ( y M ] = cos (e) [Ay - Ax ( y M ] 
Ay - Ax(y') 
6
 =
 m C
™
 r
 Ax + Ay(y^) 1 • ( 2 9 ) 
Relation (29) provides a determination of the camera tilt angle 
if y^ is known. The slope y* is determined hy the value of the angles 
TJ or T ] by the relations 
a D 
y^ = tan(7r/2 - T ^ ) ( 5 0 ) 
y£ = t a n ( T ] B ~ ir/2) 
Either of relations (30) may be used in (29) to determine 0, 
or both relations (30) may be used to give separate values of 0 which 
may be averaged. 
To determine the values of TI and T I , , consider the stars A and B 
l a 'V 
as seen on the az-el sphere, shown in Figure 1 0 as A* and B*• The coele-
vations of A* and B* are c and c. . The coelevation of the projection 
a b 
of the center of frame onto the az«^el sphere, 0 f , is c . Point M* and 
the sides q, a, and b of the spherical triangle A'B^O* are the projec­
tions onto the az-el sphere of M, AR, R , and R^, respectively, from 
Figure 9« Several angles of the spherical triangles formed are also 
* See Appendix A 
21 
shown. Note that T ) * and r\* correspond to, but are not equal to r; and 
a D a 
v 
Figure 10. Star Pair used to Determine Camera 
Tilt Angle, as they Appear on the 
Az-el Sphere 
Considering the spherical triangle A'B'Z, sides q, a, and b are 
given by formulas (l) and (2), previously employed. The various angles 
shown in Figure 10 may be solved for by spherical trigonometry. 
From spherical triangle A'B'Z 
cos(c, ) - cos(q)cos(c ) 
cos(v ) = • i \ • f \ a (51) 
x
 a' sin(q) sm(c ) 
From spherical triangle A'B'O1 
22 
/fc \ cos(b) - cos(a) cos(q) 
From Figure 1 0 the relation for cos f is 
a 
cos t a = cos(va + | a ) (33) 
With the value of cos determined, the spherical triangle A 1 Z01 
may be solved for side c and angle t . 
" o 0 b a 
cos(c ) = cos(c ) cos(a) + sin(c ) sin(a) cos(^ ) (3*0 
o a a a 
cos(a) - cos(c ) cos(c ) 
cos(£ ) = —r-? *—T—7 *—— (35) V i a ' sin(c ) sm(c ) K y / K
 oJ x a' 
From spherical triangle ZA'M1 
cos(t) 1 ) = - cos(v f) cos(£ ) + sin(v') sin(^) cos(c ) (36) 
a a a a a a 
where in the case shown in Figure 1 0 
V a - V a ™ 
It should be noted that (33) and (37) apply only for the case shown in 
Figure 1 0 . See Appendix A for equations to be used instead of (33) and 
2 3 
(37) cases other than that shown in Figure 1 0 . 
Side ZM 1 of the spherical triangle ZA'M 1, called d in Figare 1 0 
may be found. 
sin(c ) sin(v') 
s i n < * > = ( 3 8 ) 
s 
The angle co between the lines from the observing site to M 1 and 
to 0 1 (side O'M1 of the spherical triangle O'M'A1) is given by 
co = C q - d (39) 
This angle co relates the angle T J ^ on the az-el sphere to the angle 
T) on the film through the relation 
a 
tan(T] ) = t a n ( T ) 1 ) cos(co) (ko) 
a a 
derived in Appendix B. 
Equation (ko) determines x\
 } so that the slope y^ is now deter­
mined by (30) and the camera tilt angle Q is given by ( 2 9 ) . 
Relations (31) through (ko) have been a method of evaluating T} 
a 
from the spherical triangles and angles associated with star A 1 in 
Figure 1 0 . A similar procedure for evaluating may be carried out with 
the spherical triangles and angles associated with star B 1, by substi­
tuting the appropriate counterpart angles and sides of spherical triangles 
into (31) through (40). 
With the camera tilt angle determined, coordinates x and y may 
he converted to x T and y T "by the relations 
x 1 = x cos(e) + y sin(e) (kl) 
y 1 = y cos(e) = x sin(e) 
Sll of the pertinent calculations have been made for determining 
the azimuth and elevation of the line of sight along the optical axis 
of the camera. See Appendix C for the methods of obtaining these 
quantities. 
Summary 
Chapter III has provided techniques which allow for the correc­
tion of the effects due to film shrinkage, light refraction in the glass 
fiducial plate, and camera tilt. The effects of displacement of the 
center of frame from the optical axis,, and the radial distortion in the 
lens, have not been corrected for, but evidence has been offered to show 
that these effects are indeed negligible. 
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CHAPTER IV 
CORRECTIONS FOR ATMOSPHERIC REFRACTION 
Corrections of Star Position 
The path of a light ray passing from free space to the surface 
of the earth is deviated from a straight line because of the index of 
refraction of the atmosphere. Because this refractive index varies not 
only vith height above the earth but with temperature and pressure at the 
surface of the earth, this deviation is not a simply derived quantity. 
If the assumption is made that the atmosphere has a spherically 
stratified index of refraction, the deviation will depend on the ele­
vation of the line of sight to the light source (or equivalently on 
the zenith angle, z, the complement of the elevation), but will not 
depend on the azimuth. Figure 11 shows schematically the effects of 
atmospheric refraction on the path of a light ray coming from a star 
considered to be at infinity. Here z is the apparent zenith angle, 
£ is the true zenith angle, and r is the angular change in the apparent 
position of the star due to atmospheric refraction. 
Z E N I T H 
L I G - H T P A T H T O S T A R 
T R U E L I N E O F S I G H T T O S T A R 
Figure 11. Schematic Representation of the Effects of 
Atmospheric Refraction on a Light Ray from a Star 
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Bessel's refraction table (Chauvenet, i 9 6 0 ) provides numerical 
evaluation of r for various temperatures, pressures, and zenith angles 
This table is based on the formula 
r(z) = a B A 7 Xtan(z) (42) 
where 
(3 = B T (43) 
and gives the values of a, B, T, A, 7 and X. The quantities a, A and X 
are functions of z; T and 7 are functions of temperature; B is a function 
of pressure. 
If the apparent zenith angle is known and one wishes to obtain 
the true zenith angle, 
£ = z + r(z) (44) 
is used. If the true zenith angle is known it is more convenient to 
know r as a function of £ so that the relation 
z = £ - r(£) (45) 
may be used. Based on the formula 
r ( 0 = a' B A'
 7
X
' tan(£) (46) 
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Bessel's table also gives values for a 1, A 1, and A.1 as functions of £. 
Bessel's table is in a convenient form for hand calculations of 
the effects of atmospheric refraction. But for the handling of large 
quantities of data, expressions for the various factors in terms of 
fairly simple functions which could be put into a computer program would 
be advantageous. 
A least squares polynomial fit of the data from Bessel's table 
gave for 7, B, and T: 
7 = 1 . 1 0 5 5 3 - 2 o 3 9 o 4 x i o " 5 e + 4 . 9 o 7 x i G ~ 6 e 2 - 7 . 5 5 x i o ~ 9 e 5 ( 4 ? ) 
B = 0 . 3 3 7 8 7 4 p (48) 
T = 1 . 0 0 2 8 8 - 8 . 9 4 4 x i o " ( 4 9 ) 
where 6 is the temperature in degrees Fahrenheit and p is the atmospheric 
pressure at the surface of the earth in inches of mercury. 
n / % 
The form + K^tan (z) was assumed for a, A and X, where and 
K 2 are constant and n is a function of z (or a constant). This assump^ 
tion, and trial and error procedures to determine the constants and 
exponent, led to 
a = 5 7 . 7 5 1 - 0.07[tan(z)] 1 * 9 6 ( 5 0 ) 
A = 1 -f 2 . 1 5 x 1 0 [tan(z)] 1 0 ( 5 1 ) 
28 
X = 1
 + 0.0018 tan( Z) r i ~ ° ' 8 2 1 B l n 2 ( 9 ^ A ) ] m 
The assumption of the form + K 2tan n(£) for a*, A*, and X 1 
led to 
a«= 57-754 - 0.0084 [ t a n ( 0 ] 1 , 9 7 (55) 
A« = 1 - 2.15xlO~4 r t a n ( 0 ] l e T (54) 
X« = l
 + 0.0015rtan(5)] 1 + ° ^ 5 ( S + |s| ) (55) 
g(t - 4 5 ) 
where S is sin ^ ^ — — 
Using the factors as given above in (42) or (46) gives r in 
seconds of arc. The expressions (47) through (55) reproduce the values 
in Bessel's refraction table over the range 0 ° - z < 7 5 ° to within an 
accuracy of about 0 . 0 1 second of arc. In the range 7 5 ° - z < 8 0 ° the 
accuracy is good to about 0.5 seconds of arc. 
For stars it is the true zenith angle £ which is known. But the 
stars are seen, and show up on the film at their apparent zenith angle 
z. Therefore (46) and (4-5) are used to correct for star position. 
For bodies such as the artificial clouds mentioned in the intro­
duction, the apparent elevation is known. However, for triangulation 
purposes one needs to know the true elevation, or zenith angle. Equations 
(42) and (44) are used for this, as will be explained more fully in the 
following section. 
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Corrections of Cloud Position 
The formulas of the previous section apply to stars or other 
bodies which can be considered at an infinite distance from the obser­
ving site. The corrections for the effects of atmospheric refraction 
on the apparent zenith angle of an object close to the earth are actually 
dependent on the height of the body above the earth1s surface. 
Figure 1 2 shows that an object, such as the artificial cloud 
mentioned in the introduction, which has the same apparent elevation as 
a star would not have the same true elevation as the star. 
Figure 1 2 . Difference in True Elevations for a Star and 
a Body at a Finite Altitude 
The angle p shown in Figure 1 2 is the difference in the true 
zenith angles of the body and the star. The true zenith angle, £ b, of 
the body can be found from the apparent zenith angle, z^, by the relation 
£ b = z b + r(z) - p(z) (56) 
The function r(z) is the correction found previously by relation (42) 
and its associated equations (47) through ( 5 2 ) . 
Tabulated values of p(z) for various heights above the earth were 
30 
found (Jones, 1961). These values are based on the same assumption as 
that for the star corrections, namely a spherically stratified index of 
refraction in the atmosphere. Also it is assumed that the index of re­
fraction between the body and the stars is unity. A nominal value is 
assumed for the index of refraction of air at sea level and for the 
radius of the earth. 
It is also desirable to have equations for the function p(z) 
instead of the tabulated values. An approximation for finding p(z) for 
any height h was found to be 
where p^ 0 Q(z) is the p function evaluated at a height of 100 km. 
The assumption of the form A tan(z) + f(z) for P-^ QQ a n (3- trial and 
error evaluation of the constant A and the values of the function f(z) 
led to the relation 
105.4 
h (57) 
p i m ( z ) = 5.59tan(z) + 4.23 [1 (z-36)
2 
•] + A (z) (53) 1296*" 
where 
A (z) = -0.29 |sin(3z)| z - 60 o (59) 
z~60 2,87 60° < z - 8o' o A (z) = 0.28C 10 (60) 
3 1 
All of these constants are in the necessary dimensions to calcu­
late p(z) in seconds of arc. Formulas (58) through (60) will reproduce 
the values of p(z) in the tables to within 0.03 seconds of arc for 
h = 1 0 0 km. Formula (57) coupled with these formulas will reproduce the 
values for p(z) at h = 200 km to within about 0.1 second of arc 0 ° - z 
3 2 
CHAPTER V 
MAGNITUDE OF ERRORS 
In dealing with the magnitude of the errors discussed previously 
it is convenient to express them in terms of angular error. Refraction 
in the glass plate produces error which is solely radial in nature, that 
is, along the radius from the center of frame. But camera tilt leads to 
error which is associated with the perpendicular to the radius from the 
center of frame. 
Therefore it is suitable to express angular errors in terms of 
Aa and A* where a is measured along the radius and <t> is measured along 
the perpendicular to the radius. The angles a and <t> are illustrated in 
Figure 1 3 , where F is the focal length of the camera, R is the radius to 
the point at which the error is evaluated, and S is the distance on the 
film plane associated with the angle A<t>. 
C E N T E R OF F R A M E 
— " NODAL P O I N T O F L E N S 
Figure 1 3 . Angles for Measuring Angular Errors 
Associated With the Various Corrections 
The angle a is determined by 
tan a = R/F ( 6 1 ) 
X X 
and 4>, which is considered small, is given in radians hy 
(R 2 + F 2F 
( 6 2 ) 
Inaccuracy in the determination of the focal length of the camera 
will lead to error in a. From ( 6 l ) 
2 R 
sec a Aa = - — ~ A F 
Aa 
AF 
R R 
F (sec a) F 2(l + tan a) 
which becomes, upon the substitution of R/F for tan a 
Aa R 
AF JZ 2 
F + R 
( 6 3 ) 
The uncertainty in a, 6 a^ caused by an uncertainty SF would then 
be 
8a f = 
Aa 
AF 
&F (64) 
Values of |Aa/AFJ are given in Table 1. 
For errors producing uncertainty in R, formula ( 6 l ) is again 
employed to obtain 
3h 
sec 2 aAa = ~ AR (65) 
X1 
Aa 1 
^ F(sec2a) F(l + tan 2a) 
^T7£ (66) 
The uncertainties in a, Sa^ and. 5a , caused by film shrinkage 
and refraction in the glass would be 
5a s - % BR s ( 6 7 ) 
Sa = ^  BR (68) 
r AR r 
where SR and SR are the uncertainties in R caused by shrinkage and re-
s r 
fraction respectively. Here Sa g is the error in a caused by film shrink­
age if one does not read the position of a point on the film by counting 
fiducial square increments as mentioned in the section on film shrinkage. 
Values of Aa/AR, SR , Sa , 5R , and 5a are given in Table 1. 
s s r r 
For error caused by tilt, formula (62) is used to obtain 
A» =
 P P 1 (69) 
(R + F ) 2 
ACT) 1 
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The error in <t>, 5<fc , caused hy an uncertainty in S, 8S , would 
8 8 he given hy 
Values of SS per degree of tilt, and S<t> are given in Table 1. 6 8 
Note that film shrinkage also produces an error in S and a <t> 
component of film shrinkage could be evaluated. However, it is evident 
from Table 1 that since Ao/AR and A<f/AS are almost equal, the two compo­
nents of film shrinkage error will also be approximately equal. 
All values in Table 1 are based on a focal length of l 8 . l 4 cm 
(7.1^0 inches) which was found to be the average focal length of the 
K - 2 4 cameras. All angles in Table 1 are in milliradians (mr.). 
For comparison Table 2 shows the corrections for atmospheric re­
fraction (in milliradians) for several values of zenith angle, z. 
Table 1. Magnitude of Errors for Various Values of R 
Aa 
AF 
mr 
cm 
Aa / mr 
AR 1CM 
AO / mr 
AS I cm 
5R (cm) 
s 
(Average) 
5 ^ (mr) 
(9 = 1 ° ) 
R=0 cm R=3 cm R=6 cm. ft=9 cm 
0 9 1 7 2 2 
55 5 4 5 1 
55 5 4 5 2 50 
0.007 0.014 0.021 
Sa^ (mr) 0 O.38 0.75 0.93 
SR^ (cm) Q 0.031 O.O67 0.111 
oa^ (mr) 0 1.6 3.4 4.9 
cm 
8 S i o _ ; 0 0.052 0.105 0.158 
v a 
0 2.8 5-5 7.9 
5 7 
Table 2. Corrections for Atmospheric Refraction 
for Several Values of Zenith Angle 
z (deg) r (mr) P 1 Q 0 (mr) P 2 Q 0 (mr) 
0 0 . 0 0 0 . 0 0 0 . 0 0 
3 0 0 . 1 6 O.O36 0.019 
50 O . 3 3 0.04-9 0 . 0 2 5 
7 0 O . 7 7 O . O 7 8 0 . 0 4 1 
38 
CHAPTER VI 
RESULTS AND CONCLUSIONS 
As an example of the accuracy obtainable by the analysis tech­
niques discussed, the following sample results are given for rocket 
"Peggy", i960 Project Firefly series, center of frame azimuth and eleva^ 
tion for the station at Fort Walton Beach, Florida, from the time of 
release of the cloud to release plus five minutes. 
azimuth 152.925 i 0.007 (rms) degrees 
elevation 60.945 - 0.009 (rms) degrees 
tilt angle -0.29 ~ 0.01 (rms) degree 
The root mean square deviations in azimuth and elevation corres­
pond to 0.12 and 0.16 milliradian respectively. Taking the square root 
of the sums of the squares of these deviations yields a total angular 
rms deviation of - 0.011 degree or 0.2 milliradian. 
The release position of "Peggy" was determined to be 
height (km.) 102.93 - 0.03 (rms) 
latitude(deg.) 30.0277 t 0.0003 (rms) or - 0.03 km 
west longitude(deg.) 86.5213 - 0.0002 (rms) or - 0.02 km 
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Thus the total rms error in position is - 0.05 km. Since the 
cloud is at an average distance of l^h km from the observing stations, 
this amounts to an angular error of 0.3 milliradian. This error is 
typical for cloud points which show up distinctly on the film, so that 
point identification is not a major source of error. 
These values of 0.2 and 0.3 milliradian are about one third of 
the angular error of 0.8 milliradian quoted by the manufacturer of the 
K-2h (Vitro, 1 9 5 4 ) as obtainable by using individual correction charts 
supplied with each camera. Thus the accuracy obtainable with the analy­
tic correction procedures discussed here compare favorably with the 
accuracy obtainable using empirical correction charts. 
As an evaluation of the source of the remaining error, let us 
assume an error in reading the position of a point on the film such that 
the distance between the measured location of the point and its true lo­
cation has a magnitude along both the radial line from the center of 
frame and along a line perpendicular to this. Let us also assume an er­
ror in the focal length determination and evaluate the angular error 
these would produce. This angular error can be calculated with the aid 
of quantities given in Table 1. 
be e 
The radial angular error from the focal length inaccuracy would. 
The error produced by the reading innaeuracy would have a 
AF 
radial component of ^ , and a component perpendicular to this, e^, 
given by e ~r • The maximum radial angular error e„ would be 
r AS R 
Aa 
G R G f AF 
Aa 
+ Gr AR 
40 
if the errors are in such directions as to add together. The total angu­
lar error, e,, which is the angle between the measured location of the 
point and its true location, would be approximately 
If e = 0.003 cm and = 0.005 cm and 
r f 
Aa Aq M 
AF ' AR } AS a r S 
evaluated at R = 3 cm, then e would be 0.21 milliradians and e would 
be 0.16 milliradian, giving an e. of 0.26 milliradian. 
Therefore assuming that the effects of refraction in the glass 
plate and in the atmosphere, and the effects of film shrinkage and 
camera tilt have been corrected for exactly, and assuming reasonable 
values for the error in the focal length and the reading error, we are 
led to a total angular error which is commensurate with the actual total 
angular error found. 
kl 
APPENDIX A 
The star images A and B shown in Figure ik are oriented on the 
film such that A is to the right of the center of frame, that is x 1 > 0, 
a 
and B is to the left of the center of frame, that is x* < 0, where x 1 
and x^ are, as before, the x* coordinates of star images A and B on the 
film. Other possible arrangements of the star images would result from 
x
1
 > 0 and x» > 0, or x» < 0 and x» < 0. 
a D 7 a D 
In some arrangements of star images the line joining the images 
A and B would pass above the center of frame, in others this line would 
pass below the center of frame. In other words, y* may be greater than 
or less than zero, where y* is the y* coordinate of the intersection, S, 
s 
of the line joining A and B with its perpendicular drawn from the center 
of frame. This is illustrated in Figure ik. 
r 
Y 
A 
B 
r 
X 
Figure ik. Illustration of the Intersection S and 
Its y* Coordinates x 1 and y* 
s 
The value of y' is given by 
- s x* 
a 
s x
1
 ) 
( 7 D 
4 2 
where s Is the slope of line AB in the x'-y1 coordinate system given by 
y a " K 
S = — j =—Y 
XJ ~ XJ 
a D 
Formula ( 7 1 ) may be derived by considering the equation of the 
line AB 
y' = (y* - s x M + s x 1 (L?) 
a, a, 
The radial distance, r, to any point x f , y 1 on the line AB is determined 
hy 
r 2 = (x') 2 + (y') 2 = (x')2(l + s 2) + (y^ - s x » ) 2 
+ 2s(y* - s x 1) x 1 
w a a 
To find the x* and y* coordinates of the intersection point S, which It 
2 
the point where r is a minimum, set d(r )/dx.1 equal to zero. 
= 2x«(l + s 2) + 2s(y; - s x£) = 0 
which implies 
Thus yf is found hy substituting this value of x' into ( 7 2 ) . 
s s 
Figures 1 5 through 2 0 illustrate the various combinations of 
values of x^, x^ and y \ Accompanying each figure are the relations 
applicable in that particular case instead of the equations (33) and 
(37) which apply only in the case illustrated in the text by Figure 1 0 . 
In Figures 1 5 through 2 0 stars A' and B f are shown as they appear on the 
az~el sphere, Z is the zenith, 0 1 is the point where the extension of 
the optical axis of the camera meets the az-el sphere, and M 1 is the 
point of intersection of line A'B 1 with the y 1 axis as it is projected 
onto the az-el sphere (0 !Z). The following generalized definitions of 
angles apply for all of the figures: f is angle ZA'O 1, V is angle 
a a 
ZA'B 1, £ a is angle B'A'O1, $ is angle ZB'O 1, V b is ZB'A 1, | b is A'B'Q 1, 
V 1 is ZA'M 1, and v* is ZB'M 1. 
a ' b 
In addition to illustrating alternate forms for equations (33) and 
(37).? Figures 1 5 through 2 0 will serve to illustrate alternate relations 
for equation ( 3 0 ) . The slope y* of the line AB between the images of 
stars A and B on the film is related to angles TJ or T J ^ . But these 
angles correspond to angles T J 1 and T \ * 9 shown in Figures 1 5 through 2 0 as 
a 0 
angles ZM fA' and ZM'B 1 respectively, r\ and T ] , being obtained from t[* 
a D a 
and T ) B by the transformation equation (40) which is derived in Appendix B. 
The relation between y 1 and rj or T L on the film can be deduced from the 
x a D 
appearance of angles rja and r|b on the az-el sphere, and from the projec­
tion of the x 1 film axis onto the az-el sphere. 
cosf = cos(v +i ) 
a a a 
Figure 15. Stars A 1 and B 1 
with y 1 > 0, x 1 > 0, < 0 
s a D 
cosf b = cos(vb +5.b) 
y^ = tan(7r/2 - T ^ ) 
y' = tan (n. - ir/2) 
V 1 = V V » = 
a a D b 
cos1^ = cos (| - V ) 
a v a a' 
= cos(Va - | a ) 
cosf^ = cos(v, - |, ) 
b b o 
y£ = tan(iia - ir/2) 
y£ = tan(nb - ir/2) 
Figure 16. Stars A 1 and B* 
with y 1 < 0, x* < 0, x' < 0 V 1 = I T - V V' = v, 
a a b b 
c o s t = cos(v - I ) 
a x a 13 a 7 
Figure 1 7 . Stars A 1 and B* 
with y« < 0, x* > 0, x» < 0 
s a D 
c o s ^ b = cos(v b - l b) 
y^ = tan(7T/2 - TJJ 
y£ = tanC^ - ir/2) 
v1 = v vi = V, 
a a b b 
c o s t = cos(v - £ ) 
a v a b a ' 
c o s ^ = c o s ( | b - v b) 
= eos(v b - g b) 
Figure 1 8 , Stars A 1 and B 1 
with y' < 0, x 1 > 0, x» > 0 
s a Q 
y£ = tan(7T/2 - TIJ 
y^ . = tan(ir/2 - n^) 
V 1 = V V * = 7T - V, 
a a b b 
•t& = cos[27T - ( v a + s a )] 
C O S ( V A r 
cos^ b = cos (v b + g b ) 
Figure 19. Stars A' and B 1 
with y» > 0, x1 < 0, x» < 0 
s a b 
V = TT - V V ' = V , 
a a h D 
cos^ a = cos (v a + | a ) 
c o s ^ = cos[2rr - ( v b + | b ) ] 
y* = tan(ir/c 
y» = tan(7r/2 - O 
x 
Figure 20. Stars A' and B 1 
with y 1 > 0, x* > 0, x» > 0 
s a b a a o 
k'7 
From the formulas accompanying Figures 1 5 through 2 0 the follow­
ing simplified criteria for determining which of the relations to use 
are apparent. 
cost a = cos(v a + | a ) 
if y's>o (73) 
cost, = cos(v. 
cost = cos(v - I" ) 
a a a 
if y^ < 0 (74) 
cost, = cos(v, - £«) b x b b V 
yj. = tan(ir/2 -
 N & ) 
if x' > 0 (75) 
CL 
a a 
y£ = t a n ^ - ir/2) 
if x 1 < 0 (76) 
a 
a a 
y' = tan(7r/2 - TJ ) 
x 
if x£ > 0 (77) 
48 
tan(Tj - T T / 2 ) 
if x,f < 0 (78) 
= v. b 
Although, the above illustrations and conclusions do not consti­
tute a proof of the general validity of the final formulas (73) through 
the star images. 
Since it is necessary to employ some of the formulae (73) through 
(78) before the camera tilt is known, and therefore before the x' and y 1 
coordinates of star images A and B can be determined, it is required 
that the conditions on x^, x^, and y^ be replaced by the similar condi­
tions on x , x, , and y . This alteration of the conditions on equations 
(73) through (78) does not present any difficulty unless the star images 
less the line between the images A and B is almost vertical (i.e. 
( 7 8 ) , these relations should be accurate for any possible arrangement of 
A and B are very close to the y axis (i.e. x I 
al 
y s « 0 ) . 
h9 
APPENDIX B 
Figure 21 illustrates schematically the angle T\* on the az-el 
a 
sphere and TJ on the film plane. Angle T J 1 can he determined hy equa-
a a 
tion ( 3 6 ) in the text. However, it is necessary to know the value of 
ri in order to determine the camera tilt. The transformation between 
'a 
T\ 1 and r\ depends on the angle co, which is angle ONM (= 0 ,NM I). This 
a a - -
is angle CD of equation ( 3 9 ) in the text. 
Z E N I T H 
Figure 21. The Angle rj1 on the Az-el Sphere, and the 
Angle rj on the Film 
5 0 
Figure 22 shows the necessary geometry for deriving the trans­
formation from T | ' to ^ . In the figure, as in Figure 21, N is the nodal 
a a 
point of the camera lens, M is the intersection of the line AB between 
the star images and the y axis, 0 is the intersection of the optical 
axis of the camera and the film plane, CMS is the y* axis of the film, 
and A is the image of star A on the film. Line MQ is parallel to the 
x* axis of the film. 
5 1 
A plane S Q M Q is constructed such that angle S M S ^ is equal to to 
and S Q M N is 90 degrees. Point A is projected onto this plane, and this 
projection is called A . Angle S MA is now equal to T I 1 because the 
* ° o o o 'a 
S Q M Q plane is parallel to the plane tangent to the az-el sphere and per­
pendicular to line M M 1 . Angles ASM and A O S Q M are right angles. 
From Figure 2 2 it is seen that 
t a n n a = § (79) 
t a n n ' - ^ (80) 
O 
From the similar triangles ASN and A S N 
D
 o o 
AS RS 
A S ~ NS 
o o o 
From the similar triangles NSM and N5 P 
N S S M _ 
NS " S P 
o o 
But since angle M S Q P is angle to 
(81) 
(82) 
S M 
S P = - 2 _ (83) 
O C O S (X) 
S u b s t i t u t i n g t h i s i n t o ( 8 2 ) a n d ( 8 2 ) i n t o ( 8 l ) 
AS SM 
C O S CD A S S M 
o o o 
AS _ A o S o 
SM - S I T c o s ® 
o 
b u t f r o m ( 7 9 ) a n d ( 8 0 ) e q u a t i o n (Qk) "become* 
tanrj = tanrj1 cos co 
a a 
w h i c h i s t h e t r a n s f o r m a t i o n e q u a t i o n (ho) i n t h e 
5 3 
APPENDIX C 
As was pointed out in the introduction, the star background is 
used to determine camera orientation. This is accomplished by calcula­
ting the azimuth and elevation of a line of sight along the optical axis 
of the camera, called the "az-el of the center of frame." All of the 
quantities necessary for determining the az-el of the center of frame 
have been arrived at in the text. 
The quantity C q of equation (34) is actually the complement of 
the elevation of the center of frame, e . Therefore e is given by 
3
 o o 
e = T T / 2 - c (86) 
o ' o 
The angle £ evaluated by equation (35) is "the absolute magni­
tude of the difference in azimuth between star A and the center of frame, 
Thus the azimuth of the center of frame a is determined from t and the 
o a 
azimuth of star A, a 
' a 
if x 1 < 0 a = a + £ (87) 
a o a a 
if x' > 0 a = a - t 
a o a 3 a 
where x 1 is the x 1 coordinate of the Image of star A on the film, 
a 
Equations similar to (87) would result for star B, using cc^  and 
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